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On the Conditions for the Existence of Perfect Learning and Power Law Behaviour
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In a previous work, we studied learning from stochastic examples by perceptrons with Ising weights in
the framework of statistical mechanics. Employing the one-step replica symmetry breaking ansatz, types
of behaviour of learning curves were classified according to a certain local property of the rules by which
examples were drawn. Further, the conditions for the existence of the perfect learning, together with
other behaviour of the learning curves, were given. In this paper, we give a detailed derivation of these
results and a further argument regarding perfect learning. We also present the results of extensive

numerical calculations.
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1. Introduction

In study of the problem of supervised learning from
examples by feed forward networks, learning curves of the
generalization error €, have been derived for various types
of networks."” The generalization error is a false prediction
of students, and is an indicator of the accomplishment of
learning. From these studies, it came to be known that when
the number of examples p is large relative to the number of
synaptic weights N, that is, when o« = p/N is large, the
learning curves exhibit only a few types of behaviour”® For
example, learning curves of networks with continuous
weights all exhibit power law behaviour as

(Eg — €min) X o 7,

where y depends on several properties of the system
including architecture and type of weight vectors, and €p;,
is the minimum generalization error. On the other hand, in
the case of discrete weights, it has been shown that, in
addition to power law behaviour, there exists perfect
learning (PL) for deterministic and realizable cases. 'OV
Here, ‘deterministic’ means that there exists no noise in the
process of learning, and ‘realizable’ means that the teacher’s
vector is also an element of the set of all students’ vectors.
Perfect learning is defined as the situation in which all of the
students weight vectors coincide with the teacher’s weight
vector for a finite value of «.

If perfect learning does not take place, students can never
realize the state of the teacher, but can only approach to it. In
the case that perfect learning takes place, the learning
procedure is completed at finite «. If we consider the
situation that the dimension N of weight vectors is finite but
sufficiently large, in order for students to complete learning,
a very large number of examples p(p >> N) is necessary in
the former case, while only a number of examples of order N
is necessary in the latter case. Perfect learning can take place
even in the presence of external noise. Therefore, it is
important to determine the conditions for the existence of PL
in the case of discrete weights and in the presence of external
noise.

In a previous paper,'”

we derived these conditions. The
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results we obtained there are similar to those found by
Seung,'® who classified the learning behaviour of Ising
networks by introducing two quantities y and z that
characterize two important statistical properties of the
system. We deduced a different meaning for them and
determined the manner in which they are related. In addition,
in that paper, we investigated the asymptotic behaviour of
the learning curve.

The purpose of this paper is to present a detailed
derivation of the results obtained in ref. 12. Using the
replica method, we determine the necessary and sufficient
conditions for the existence of perfect learning and
conditions in the asymptotic region of « > 1 on the
appearance of power law learning curves in terms of §,
which represents a certain local property of the rules by
which examples are drawn.

We now describe the basic features of our model and
summarize our results.

We study supervised learning of stochastic relations by
Ising perceptrons. We consider a stochastic target relation
between an N-dimensional input vector x and a binary
output r € {1, —1}, which is represented by a conditional
probability p,(r|x). Input vectors x are normalized as
|x| = /N, and p,(r|x) is defined as a function of the inner
product of the input x and the optimal weight w® as

opoy L PW?)
pr(+1x) = Pu )—42 , )
u° = (x - w°)/~/N.

The output produced with this stochastic relation is
considered to be the output of a perceptron that is subject
to external noise. We call this target perceptron the ‘“‘teacher
perceptron”, with the weight vector w®. Students are pure
perceptrons; that is, a student perceptron with a weight
vector w answers = %1 to the input vector x according to
the rule

r = sgn(w),

where, w is an N-dimensional vector and u = (x - w)/«/ﬁ .
In this paper, we consider Ising perceptrons, for which the
components of the weight vectors w® and w take discrete
values +1. Further, we choose the function P(u) to be non-
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decreasing w.r.t. u and to behave as
P(u) = asgn()|ul’(§ > 0) @)

near u = 0. Further, P(—u) = —P(u) is stipulated, for
simplicity. The case § = 0 corresponds to the output noise
model® in which the output of the target perceptron
stochastically changes sign through the influence of noise
according to some probability distribution. The case § = 1
corresponds to the input noise model,'” in which the input
of the target perceptron is corrupted by Gaussian noise with
zero mean. The Gibbs algorithm with temperature 7 is used
as the learning algorithm.

With the model described above, we obtained the
following results using the statistical mechanical method,
i.e. the replica method.

Conditions for PL

The necessary and sufficient conditions for the existence
of perfect learning are the following.

(1) 0<§<1/2 when 0 < B < oo, where B is the inverse
temperature.

(2) Deterministic case. That is, the target relation is
deterministic, obeying the perceptron rule, and the
alogorithm is the minimum-error algorithm, i.e. the
Gibbs algorithm with g — oo.

Behaviour of learning curves

Employing the replica symmetric (RS) ansatz and the one-
step replica symmetry breaking (IRSB) ansatz, we found
that the behaviour of the generalization error €, can be
classified into the following three categories, according to
the value of é.

(1) For 0 <8 <1, at @ = apmyy a first-order phase transi-
tion from the RS solution with positive entropy or from
the 1RSB solution to the PL solution takes place.

(2) For § = % and large o, the 1RSB solution appears, and
€, for the 1RSB solution decays exponentially accord-
ing to

A€y e 3o
where A€, = €; — €y and Fy is a constant.
(3) For § > % and large o, the 1RSB solution appears, and
€, for this solution decays according to a power law
with a logarithmic correction in accordance with

1+8
Ina\ 26-1

Aeg ¢ | — .
o

In the following section, we formulate the problem. In §3,
we analyse the RS solution. The conditions for the existence
of PL are derived in §4. The 1RSB solution is studied in §5.
The results of numerical calculations are given in §6.
Section 7 is devoted to summary and discussion.

2. Formulation

A set of p examples &, = {(x', ), (x%,79), ..., (x",r9)} is
obtained as follows. The vectors x* are chosen randomly
and independently from a uniform distribution on a hyper-
sphere of radius +/N centered at the origin in an N-
dimensional Euclidean space, and r;, (= 1 or = —1) is output
with the conditional probability p,(r;|x") for each x*. For a
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given realization of examples &,, we define the energy
“E[w,&,]” of a student with a weight vector w as the
number of false predictions, which is given as

P
Elw, &) =) O(=riu), w, =& -w/VN, (3
n=1

where ®(x) =1 for x>0 and ®(x) =0 for x < 0. The
learning performance is represented by the generalization
error €y, which is defined as

€ = (PW)(1 — OW) + (1 = PW)OW)  (4)

+2/OOD P( )H( Ry )
=6m11’1 T — El
0 Y V1 —R?

1 00
€min = 5 — / Dyp()’)-
2 Jo

Here, (- --) represents the average over examples and €y 1S
the minimum value of the generalization error, obtained with
the optimal weight w°. R is the overlap between the optimal
weight vector and the weight vector of a student,
R=(w°-w)/N. Also, as wusual, we use Dy=
exp(—y?/2)dy/~/2m and H(x) = [ Dy. From the eq. (4),
we find that, in particular, when AR =1 — R is small, the
relation

15
2

)2, ®)

S
A€g = (€5 — €min) =~ 1T 5)@ (2AR
where s = a [;~ Dyy' ™.

In this paper, we adopt the Gibbs algorithm with
temperature 7" as the learning algorithm. The minimum-
error algorithm, which minimizes the number of false
predictions for the presented examples, is obtained by taking
the T — O limit.

From the ‘“energy” defined by eq. (3), the partition
function Z with inverse temperature § is given by

Z="Tr, e P50 =Tr, T [e7 + (1 — e P)Oruu),

where Tr,, represents a summation over all possible w. The
average free energy f per synaptic weight is calculated using
the standard recipe,

R
—BNf = (InZ)g, o = lim = ("), 0 — 1),

where (---). 0 denotes the average over quenched vari-
ables.

The quantity (Z"); ,. becomes a function of several
replica order parameters, namely the overlap between weight
vectors of students g% = ("’T"’b), its conjugate §*, the
overlap between the weight vector of a student and the
optimal weight vector R* = % and its conjugate R
(See Appendix A for a derivation of the free energy.)

3. RS Solution

Let us consider the RS solution. For this solution, no
quantity depends on the replica indices, and we write ¢** =
4,4 = §,R* = R and R* = R. Then, the RS free energy fis
becomes

—Bfes(@. 6. R R, B) = —%(1 @) —RR+aK+1, (6)

where
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B - ~(+v/q—R>u—Ry

=/mmmW@ﬂw@

I= / Dr1n[2 cosh(y/gt + R)],

with
E(u) = / Dy2P(—A)=1—¢ /2
x f "Dy~ eP)
Hu) = e‘ﬁo—i- (1— e‘ﬁ)H(u),
A=ty +1-80u=Ey—v),
and, finally,

N

3.1 Saddle point equations (S.P.E.)
The saddle point equations are given by

q= /Du tanhz(\/éu +R),
R= / Dutanh(,/gu + R),

I“—Q / Bu(@w)YEw),
—q

q

R=——% / Dug(u) / Dyy2P(A)
iy

Dug(uyw(u),

-viwl

where

wu) = / DyyP(A) = e V)2

X / DyPEN[(y +v)e™™ + (y — v)e™],
0

. du 5 ﬁ/(u)
Du = Q-u /2’ 7 i .
u > e o(u) W)

0.8

0.6

0.4

0 IR TR TN TOUE T TR SRS N 04
0 10 20 30 40 50 60 70 80 90 100

(87

Fig. 1.
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For later use, we give the expression of the entropy Sgs:

Srs = —Bfrs — ape I, (15)
where
y Vg — R*u — Ry B
J / Dy2.2(y) / D L
= u
Y q Vvq— R*u— Ry
vI—q
Defining L as L = K — e #J, Sgs becomes
SRs=—§(l—q)—RI§+I+aL, (16)
where L is expressed as
H(u/Q)
_ B _ _
L= /DuE(u/Q){ln[l + (e DH(u/Q)] 'BI:I(u/Q)}'
(17)

Also, the energy (training error) per synaptic weight is
expressed as

(18)

e = —ae P,

3.2 Numerical calculations of the S.P.E. for the RS
solution

Here, we give the results of numerical calculations for the
RS solution.
Case (I): 6§ =1

Here, we considered the case P(y) = 1 — 2H(y), for which
€min = %. In Fig. 1, we display the « dependences for 7' = 1
of g, R and Sgs, as well as A; and A3, which are indicators
of AT-stability. The RS solution is stable only when both A
and Aj are negative. From the numerical results, it seems
that as « — 00, ¢ and R tend to 1. In this case, the entropy
Srs becomes zero at some finite value of «, as(T), and Aj
becomes zero at a different finite value of «, aar(T), for any
T.
Case (II): 6 =0

In this case, for the numerical calculations, we considered
P(y) = % sgn(y), for which €, = %. In Figs. 24, for several
temperatures we display the o dependences of ¢, R, Srs, Aj
and Asz. The most interesting feature of these graphs is that
there are no solutions for which ¢ and R tend to 1 as & — 0.
As seen, there are two branches of solutions, which we call
“branch I’ and “‘branch II”’. Each solution is characterized

(b) ()
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02}

L L L
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a «

The o dependences of several quantities for the RS solution with § = 1 and T = 1. (a) ¢ and R (dotted curve). (b) Sgs. (¢) A}
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Fig. 2. The « dependences of ¢ and R (dotted curve) for the RS solution with § = 0.
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Fig. 3. The o dependence of the entropy for the RS solution with § = 0. The solid and dashed curves correspond to Skg and Sk,
respectively.
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Fig. 4. The o dependences of A; and Ajz (dotted curve) for the RS solution with § = 0. A} and A} correspond to the curves starting

from —1 for small «.

by its behaviour in the limit @ — 0. In branch I, g and R tend
to 0, while in branch II, ¢ and R tend to 1. (We attach the
superscript I and II to quantities evaluated in branches I and
II.) From our numerical results, we found that when T is
greater than some temperature, which we call 7§, solutions in
both branches are AT-stable and their entropies are positive.
However, when T < T, the entropy of branch II, Sgs, is
negative for any «. Since Skq = 0 at @ = 0, T is determined

by the condition that Skq changes sign for small o as T
passes through T;. Also, there exists a critical value of
o = ag(T), such that for « > as(T) we have S{zs < 0, and for
o < as(T) we have S{zs > 0. In addition, we note that there
is a second critical value of 7, Tat, and on branch I a
corresponding critical value of &, aar(7T). When T < Tar,
AY is positive for all o and A} is positive for & > aar(7T).
Contrastingly, A} and Al are negative for all T and c.
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(a) 6=10.3

25

Fig. 5.

Case (III): general &

In this case, numerical calculations were carried out for
several values of § and 7. As a typical result, we found that
when 7 =5 and 6 = 0.3, g and R tend to 1 as o« — 0. [See
Fig. 5(a).] In this case, the RS solution is AT-stable, and its
entropy is positive. There exists another case in which ¢ and
R tend to 1 as @ — oo. [See Fig. 5(b).] In this case, Sgs
decreases and becomes O at the finite value a = a(7T) for
any 7, and Az becomes 0 at the finite value o« = ap7(T) for
any 7.

For all the cases we considered in our numerical
calculations, we found that for any value of § and for
T < Tar, the relation aar(T) > ax(T) holds, and aar(7T) and
as(T) are increasing functions of 7, as long as these
quantities are defined.

For any value of §, the entropy becomes negative for small
T. This implies that the RS solution is invalid. For this
reason, we have to impose the replica symmetry breaking
ansatz.

3.3 The limiting forms of the expressions for § and R as
q— 1and R — I

In this section, in order to derive the asymptotic learning

curves and to allow for investigation of the conditions for the

existence of PL, we determine the limiting forms of ¢ and R

g1.5(x. B) = \/%/du(ﬁ(u)zEa(u, X)s
Es(u,x) =1 for

_ad
825(x. B) = N

§>0,

T. UEzU
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The o dependences of g and R (dotted curve) for the RS solution with 7" = 5.

for g — 1 and R — 1 as functions of «, B and x by
evaluating eqs. (12) and (13) in these limits. (See Appendix
B for the derivations.) For 0 < 8 < oo, we find

(07
g~ ——=g15(x,p) for §>0, (19)
VAgq
. &
R~ (o4 \/A—qu,(s(X’ ,3) fOr 8 2 O’ (20)
while for 8 = oo, we have
o
——g3 (foré>0,orford=0and k < 1),
, (Ag)
q= o 21
g3p (in the deterministic case).
VAq
Aig4 (when P(y) is not constant for y > 0),
q
o
R~ gs(x) (when P(y) =k fory>0and k < 1),
VAq
o
——83D (in the deterministic case).
VAq

(22)

Note that R=4 in the deterministic case. In these
expressions we have used the following:

Eo(u, ) =1 —k+ 2kH(u/ ),

1
(L= e Mo (42
X

1
+ for

o) (0@ 1
x/ Dzz‘s_]/ Dt
0 — ~ r— .

VAR
1 00
Dx—F———
g ,/]+X2\/;oo H(

k(1 — e P)

22000 B) =

) §>0,
Xt—z
VAR e

1

o)
V1452
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g = / Dyy*[1 — P(y)],
0

g1 = /0 DyP(y)(y* — 1),

Now, we examine the behaviour of g; — gs for later use. For
8§ >0, g15(x ) is finite if 0 < B < oo for all y, since H(x) is
bounded. For g, 5(x, B) with 6 > 0, if 0 < 8 < 0o, we have
vox* (for x < 1),
825068 ~ Y vix" (for x> 1),
O(1)  (for finite x),

(23)

_aé(l e“‘) 5—1 258
where vy = Jo. Dzz {H(Z) e Z)} and v = 7.

In the case 6§ = 0 for 0 < B < 00, g20(x, B) is finite, except
when x — o0; that is,

2k
—tanh(8/2) (for x < 1),
T

g0~ kB _, (24)
— X

(for x > 1),
o) (for x of O(1)).

The quantities g3,g3p and g4 are all finite if P(y) is not
constant (g3 =0 for P(y) =1 for y>0 and g4 =0 for
P(y) = const. for y > 0). For g5, we obtain

2k
—  (for x <D,
b4

gs(x) ~ (25)

k
- x (for x > 1),
O(1) (for x of O(1)).

(1) For § > % and o > 1, we have

28
Ino\ 381
m = o (—> >
o

2(14+8)

gs(x) =
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2 D h(u)
g3,D—m

k 1 /
w14+ x2 H(

u—-:,
H(u)

Xy
V1+ x2

Here, for later use, we give the limiting form of the
entropy Sgs. First, L is given by

L=/Aqr(x,B), (26)
where
r(X,,B)—\/_ duEs(u, X){ln[l—i—(e — DH(u )]—ﬂ%}

27

The function r(y, B) is finite for 0 < 8 < oo and for all § and
all x. Then, as ¢ — 1 and R — 1, for 0 < 8 < oo and for
any é and any x, Srs is given by

GAq

S = _T—(l—AR)R+a\/Eq'r(x,ﬂ)+1- (28)

3.4 Solutions of the S.P.E. when ¢ — I and R — 1.
The equations for Aq = 1 — ¢ and R are the following:

_ 2 R— al
Ag= q’ R
Therefore, we have to evaluate I when ¢ — 1 and R — 1,
which depends on u = 5>. We give expressions for / in
Appendix C. Using these after some algebra, we obtain the

following types of behaviour.

28
§ 35-1
B [%(3& - 1)}

2
% Ino 31 1/8 Ino 351
Ag >~ qopy o » AR~ Ryu, "o >

144

g~ qou 2 a%gal(]na) 351 1

(2) For § = % and o > 1, we have

1 24
~ —=z —3q00
W oo 6e 3%,
4 -2 854
Ag > qopgor3e7 317,

P, R -7
q=dqoly a3e3T,

3) F0r0<8<%anda<< 1, we have

28

1\ T3

In—

1-8

PO -8
R >~ Ry, 2 o5m-1(Ino) 31,

Bl
I"LOZ A /= )
2490

~ 3 -1 24
AR ™ Ry 2e s

oA 12,
R~ Ropy ' ase3toe,

28

=i
) :u/ = A 71 Aoy
*7 [go(1 —35)
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(4a) For§ =0, ¢ < 1 and 0 < < 1, we have

1 1\ 2
AR~ —— (In=) , Ag=2uAR,
mlﬂ(u) < a) q=2un

o2 (1 1\ R
R~ —1In —(ln—) R g=—,
n o o 2

where p is determined by the following equations

through x:
, 1
820(x, B) _ .y 29)
281006, 1+ x
1
= . 30
=112 (30)
(4b) For § =0, <« 1 and 1 < u, we have
1. 1\?
AR~ 2a,| —In— s Ag=2AR,
o o«
) 11 R
R M w(-m-), 4=,
2u —1 o 21
where p is given by
0,
_ 82000, B) . 31)
2g1,0(0’ ,8)

Now, let us check the conditions under which the above
forms of Ag, AR, § and R are valid. First, we consider § > 0.
Here, we only have to see the conditions for © < 1, AR < 1
and R > 1, because Ag < 1 and g > 1 follow from the

relations Ag ~ fffz and § = £, For § > 1/3, these condi-
tions are
_ Ino
g B > — (for 1 < 1),
In
31513 > — (for AR K 1),
( 0[)1 $

gy VB> (for R > 1).

As long as « > 1, these conditions are satisfied. For
6 = 1/3, the condition is gy > 0, and this is automatically
satisfied for 8 > 0. For 0 < 6 < 1/3, the conditions are

1

gy B« —% (for p < 1),

In—

sap < —& (for AR 1),

T. UEzU

( 1>l_5
In—
2(5 1)'3 < o

2

As long as o < 1, these conditions are satisfied. We have
thus found the situations in which © <« 1, AR < 1 and R>
1 are satisfied. Next, let us consider § = 0. Here, for case
(4a), the condition is that there is a positive solution x of eq.
(29), and for case (4b), the condition is u > 1, where u is
defined by the eq. (31). When 8 < 1, u satisfies

~ ﬂ [for the case (4a)]
SN
~ k:3/§ [for the case (4b)]

Thus, @« > 1 holds in both cases (4a) and (4b). Therefore,
Case (4a) does not exist for high temperatures. In the other
extreme, when B>> 1, in both cases (4a) and (4b), gio
becomes very large, but g, does not. Thus, from egs. (29),
(30) and (31), we obtain u < 1 in both cases (4a) and (4b).
Hence, the case (4b) is impossible for low temperatures.

The results obtained in this section suggest that for § <
1/3 PL exists, and the solution with ¢ < 1 exists only for
o € [0, omax], Where apax 1S some positive finite number, and
that for § > 1/3 PL does not exist, and the solution with
q < 1 exists for any «. However, as is shown in the next two
sections, this conclusion is incorrect. One reason that this
conclusion is incorrect is that when the solution with ¢ < 1
exists for any «, the entropy of the RS solution becomes
negative for 7 — 0. Another reason is that the actual
condition for the existence of PL is not § < 1/3 but, rather,
§<1/2.

In the next section, we investigate the necessary and
sufficient conditions for the existence of PL.

4. Perfect Learning

In PL, the weight vectors of the students coincides with
the optimal weight vector (i.e. w = w°®) for a finite value of
«. In this case, ¢ = 1 and R = 1. From egs. (10) and (11), the
necessary and sufficient conditions to realize ¢ = 1 and R =
1 with a finite value of « are

A

R
and 7= —= — 0. (32)

V4
In the case of PL, we impose the further condition ¢ = R

when the limits ¢ — 1 and R — 1 are taken, because in PL,
the weight vectors of the teacher and students coincide.

-=.,/q=1, and
thus € = Q = \/Agq. Hence, for 0 < < 0o, we obtain from

R — o©

Therefore, in this case, we have y =
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eqgs. (19) and (20),

o
g~ g1s(1, B), (33)
VAgq
R = a(Ag)*™"g5(1, ), (34)
while for § = oo, we have
ﬁgg (for § > 0, or for § =0 and k < 1),
N q
q= o (35)
———=g3p (in the deterministic case).
VAT
Aiqg4 (when P(y) is not constant for y > 0),
R~ %gs(l) (when P(y) =k fory > 0 and k < 1),
o
g3p  (in the deterministic case).
JAg T

(36)

In the deterministic case R = § holds.

Let us now determine what is derived when these
conditions are imposed. First, we consider the case
0 < B < oo. In this case, both g;4(1,8) and g»5(1, B) are
finite for § > 0. (See subsection 3.3.) Thus, from (33) and
(34), the necessary and sufficient conditions to realize § —
00,R — oo and T — 0o as ¢ — 1 and R — 1 for any « are

g — oo (for any § > 0 and 0 < 8 < 00), 37

R—oo(for0<8<1and0 < B < c0), (38)
I~ al/z(Aq)(zs—l)Mﬂ
V815

—o00(for0<§<1/2and 0 < B <o00). (39

Hence, the necessary and sufficient condition for PL is
0 < § < 1/2. Next, we consider the case f = co. Here, when

— Bfirss(qo- do» q15 41, R, R, m, B)

qu m R A
= —5(1 —ql)+5(qoqo —4191) — RR

T. UEZU 1889

P(y) is not constant for y > 0, the quantities g; — g4 are all
finite. Then, from (35) and (36), we find that both ¢ and R

tend to infinity and 7 ~ \/;‘:3&, which is finite. Thus, in this

case PL does not exist. Then, when P(y) =k < 1 fory > 0,
T~ JaAg-E= g3 Since gs is finite for finite x, t tends to 0.
Thus, here again, PL does not exist. Finally, in the
deterministic case, from (35) and (36), § = Rand 7= Ja
tend to infinity, since gz p is finite. Hence, here PL does
exist.

Summarizing the above results, we conclude that PL
exists in the case that 0 < § < 1/2 with 0 < < oo and in
the deterministic case.'¥

For the entropy Spr, and the free energy fpr in the case of
PL, we obtain the following reasonable results:

SpL =0, frr = C€min.
(See Appendix D.)

5. 1RSB Solution

Although we adopt the Gibbs algorithm as the learning
strategy, we are also interested in the minimum-error
algorithm. In the minimum-error algorithm we choose
weights so as to minimize the number of errors, and for
that reason we only have to take the limit 7 — 0. However,
as shown in §3 using the results of numerical calculations,
for the RS solution, the entropy becomes negative for small
T. Thus, we have to consider the breaking of the replica
symmetry.'> For the IRSB solution, the matrix g% is
divided into (n/m)* small matrices of dimension m x m. All
components of each of the off-diagonal such matrices are g,
and all components of each of the diagonal matrices are ¢,
except for the diagonal components, which are 0. The
structure of the matrix §* is idential, with the values g, and
g, replacing gy and ¢;. Further, we stipulate R* = R and
R* = R. Then, the 1RSB free energy, firss, 1S given by

_R2 — m
/ Dy22(y) f Dz ln / Dzl|: <\/q°—RZO + V@ — G071 — )]

1 R
+ %/DZQIH/Dzl[ZCOSh<\/qA_020 + V41 — goz +R)] .

Next, following Krauth-Mézard,'®’

firsB(qo.do.q1 = 1,41 =

From this relation, the equations for gy, qAO,R,Ié and m
become a coupled set of equations consisting of the saddle
point equations for the RS solution, along with the equation
Srs = 0, where Sgs is the entropy for the RS solution. Let us
denote the solutions of these coupled equations by g = ¢,
G=4., R=R,, R=R. and B=B,. Then the IRSB
solutions are expressed by qo = g, Go _( ) 4e, R=R,,
R= —R and m = ’?3 Thus, to obtain the T = 0 limit, we
only have to know the solution at 7 =T, = 8. .

we take the limits g; — 1 and ¢§; — oco. Then we obtain

oo, R, R, m, B)

(40)
v1I—aq
= frs(qo, m*do, R, mR, Bm). 41

5.1 Numerical calculation of the S.P.E. for the IRSB
solution

Here, we give the results of numerical calculations for the
1RSB solution.
Case (I): 6§ > 0

As a special case, we treated P(y) = 1 — 2H(y), that is, the
case 6 = 1. This is the same P(y) as that used for the RS
solution. In Fig. 6, we plot the o dependence of T, while in
Fig. 11, we plot those of go, R and Ae€g. As is seen from
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Fig. 6. Numerically obtained behaviour of 7. for

1 - 2H)G = 1).

PO) =

these figures, the 1RSB solution seems to extend to o = co.
To study asymptotic behaviour, representing each of the
quantities Ag, AR, T, and A€, by A, we assume that each
can be written as

InA =a;+b;Ina,

o
InA = ap + b2 ln<—>,
Ino
where a;,a,,b; and b, are to be determined for Ag, AR, T,
and Ae, separately. Similarly, representing g and Rby A, we
assume that each can be written as

A = a +b| IHO[,

o
A= ar + b2 ln<>
Ino

In Table I, we list the values of a; and b; for these quantities.
In particular, we note that 7. — oo as « — oo. Further, we
obtained % ~ 1.7 and g ~ 2.5. As an example, we display
the asymptotic behaviour of Ae, in Fig. 7.

Table 1. Coefficients a; and expontents b; evaluated for 200 < o < 381
and the theoretical value b, .

Ag AR T, Ae, R g
ap 2.5 22 —1.8 1.1 —0.49 0.89
b —-1.5 —1.5 0.81 —-1.5 1.1 0.28
a 1.1 0.88 —1.1 -0.27 0.50 1.1
by —-1.8 -1.9 0.99 -1.9 1.4 0.35
bon -2 -2 1 -2 1 1

-2 T T T T T T T

3 F -

4 | 4

InAeg.5 | -

-6 | =

7k \.

-8 1 1 1 1 1 1 1

Ina

Fig. 7. Numerically ~obtained behaviour of Ae, for P(y)=
1 —2H(y)(§ = 1). A line segment with slope b; determined by the least
square methods is also plotted.
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Fig. 8. The « dependence of 7, for § = 0. Solid curve: 1RSB in branch I.
Dashed curve: 1RSB in branch II.

25

firsB

10

Fig. 9. The o dependence of the free energy. Solid curve: flzgs. Dashed
curve: fiksp-

Case (II): 6 =0

Here, we considered the same function P(y) as in the § =
0 case for the RS solution, P(y) = % sgn (y). We display the
a dependence of T, in Fig. 8 and that of g, R and Ae, in
Fig. 16. In the 1RSB solution, there exist two branches, |
and II. In branch I all of these quantities become identical to
those for the RS solution with 7 =0 as a — «4(0). In
branch II, ¢ and R tend to 1 as « tends to O.

With the results of our numerical calculations, it is
difficult to determine whether case of (a) 0 < u < 1 or (b)
i > 1 holds in branch II, because we could obtain solutions
only for ¢ 2 0.45. As for T,, it seems that 7, converges to a
finite value as o — 0. In both branches, A; and Aj3 are
negative; that is, the RS solution at 7' = T, is AT-stable. For
the free energy, the relation firsp < fiksg holds. (See
Fig. 9.)

5.2 Limiting behaviour as ¢ — 1 and R — 1

As is suggested by the above numerical results, and is
considered below, the limiting behaviour of 8, as ¢ — 1 and
R — 1 differs in the cases § = 0 and § > 0. Therefore we
discuss these cases separately.
Case (I): 6§ > 0

As shown in Fig. 6, the numerical result suggests that
B(= Tl[) — 0 as o — o0. Therefore we consider the case
B < 1. For B < 1, frs and Sgs take the following forms in
the asymptotic region (see Appendix E):
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q N
~Bfes = =3 (1 =)~ RR+1

2s s B Ag
- min + ———F—=—=2AR)? — ;
“’3[6 VA 2n«/§:|
(42)
= A pg BRI —ap YR
Srs = ZAq RR+1 05,3 27[\/5. (43)

First, we show that for 0 < p < 1, no consistent 1RSB
solution exists in the presently considered case in which
6 > 0 and B <« 1. The saddle point equations are

Ag~ 2h(T)Y(u)

N (44)
Cc
Ag
AR ~ TR (45)
e = Goafz/\/Aq, (46)
R, = Roa (AR V2, (47)

do= . Ry= =2
22 N
where Ag =1 —¢g. and AR = 1 — R.. Then, the condition
that the entropy is zero becomes

_ 4Yh(D)
~ TERD,

From eqs. (44) and (48), we obtain 72 = 2. However, since
we consider the case R~ 1 and ¢ >~ 1, t should be large.
Thus, the case 0 < o < 1 is not possible. Next, we consider
the case 1 < . In this case, I ~ R + a, e *%~9. Then, fzs
and Srs become

Aq (48)

—Bofrs = — % Aq+ R.AR + aje” 2R3

(1) In the case § > 1, as @ — 00,
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Be )
—af.| € — VAg),
IB ( £ 27‘[«/5 1
4c 5 0‘,32- —2(R.—4.)
Sps >~ — — Ag + R.AR — < JAg+ 4o,
kS 2 1 2pya Y AT e

The saddle point equations for § and R here are the same as
in the case 0 < p < 1, while those for ¢ and R and the
condition for zero entropy are

(49)
(50)

AR = 2(1#@72(1@7!&),
Ag = 2AR,

Srs >~ — qz—L Ag + IéCAR — aﬁzqo,/ Ag + aﬂefz(éf"?f) =0.
(51
Since ﬁc > 1 and g, > 1, using egs. (46), (49) and (50), we

obtain from eq. (51) the relation

That is, u = 3/2 and a,, = 1. Thus, from eqs. (46), (47) and
(52), we obtain
4o = Foae 23702
which implies
Ing. =Ina — 225 — 1)§. + In Fy,

where Fy = 4s2228/9\/§. Thus,

In o

~

4=5025—-1

for 26 — 1 # 0. This implies that g, tends to infinity when o
tends to infinity for § > 1/2 or « tends to 0 for § < 1/2. For
8§ =1/2, g, = Foa. Therefore, we obtain the following

results.

Ino 25-1
AR ~ 2(—) , Ag~2AR, (53)
o
$
N 3 o A 4/ms (Ina\ -1
Ri~———Inl—), §.~R./3, B~ 25— , 54
225 1) n(lna) Qe =Ref3. fo=—3 ( p” ) >4
5+1
A (AR ~ 2™ (hm)m 2 (55)
€, € ~ € — , Q= ——— .
S 0 o T A+ o2n
(2) In the case 6 = % as o — 00,
AR ~ 2e*0@  Ag ~2AR, (56)
. . 4
R ~3Fa, d.~R.j3, P~ ?Sx/Zne_F""‘, (57)
Aey 60226_3’70&. (58)
3) InthecaseO<8<%,asa—>O,
=5
AR~2| — , Ag~2AR, (59)
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. 3 1 1 . 4 S
Rom~ = (111)’ G~ Ry3 pom T 2|

~ In
2(1 — 26) o o

1+5
1-28

Thus, when 0 < § < 1/2, for large « there is no solution
such that g. — 1 and R, — 1. This implies that there is a
value o = oax such that for o > apax, when 0 < § < 1/2,
the only solution is the PL solution.

Next, we compare the theoretical and numerical results for
the asymptotic behaviour in the case § = 1. As shown in
Table I, the numerically obtained exponents b, agree fairly
well with the theoretical exponents b, ,, except for g and R.
The reason for the somewhat poor agreement in these cases
is that we have assumed that § and R depend on In(;%), and
evaluating logarithmic dependence numerically is difficult.
For this reason, it is more meaningful to compare the
theoretical and numerical valus of % and ﬁ—’;. We find that for
R these values are 3 and 2.7, respectively, and for 2—1;, they
are 2 and 1.7, respectively. We therefore conclude that the
agreement between theoretical and numerical results is fairly
good.

Now, we examine the case § =0. Note that if we
substitute § = 0 into the expressions of . in the eq. (60) for
the case 0 < 8§ < 1/2, B, is an O(1) constant. Thus, the
condition that 8. < 1 is not satisfied. This is the reason we
treat the cases § > 0 and é = O separately.

Case (II): 6 =0

In §3, we examined the RS solution with g fixed. Now, we
investigate the 1RSB solution imposing the condition
Srs = 0.

@0<u<l

In this case, Sgrs becomes

gA
Sks =~ q—zq + a4/ Aqr
Then, from the condition Sgg = 0, we obtain

81006 Be) = =2r(x, Be)-

If solutions x > 0 and B. > 0 for eqs. (29) and (62) exist,
then the 1RSB solution exists for g > f..

b =1

Here, Sgs is

(62)

jAq RA
SRS ~ —%-l-Tq-l-oqur.
Then, the condition Sgs = 0 becomes
81000, Bc) = 20(0, B) + 2r(0, Be).

If a solution B. > 0 of eq. (63) exists and satisfies the
relation g,0/g10 > 2, the 1RSB solution exists for 8 > B..

The numerical calculations for § = 0 indicate that in the
o — 0 limit x tends to a finite constant, and hence in this
limit, we have case (a) above. Thus, for « < 1

(63)

T. UEZU
8
1-28
60
3 1 (60)
In—
o
(61)

1 1\
AR~ —— Yy(n)o*(In—) , Ag=2u.AR,
,—znl/f(/i) ( a) q=12un

I D A B R.
R.~ —1In —<ln—> , 4c.= )
He @\ « e
c A
Aeg = € e )a<ln —) .
2 o

It should be noted that in the above limiting solutions for
8 >0, no coefficient of any quantity contains B, and
therefore there is no condition on the range of B for which
these solutions are valid.

We have found that in the case 0 < § < %, there exists no
solution for « > an.x. This is consistent with the result
derived in §4 that PL exists for 0 < § < % when 0 < 8 < oo.

Combining the results obtained to this point, the learning
behaviour exhibited by our model can be summarized as
follows. When T is sufficiently small, there is a critical value
of «, as(T), above which the entropy of the RS solution
becomes negative. Thus, for o > os(T), the 1RSB solution
exists. With the 1RSB ansatz, we found that the behaviour of
the generalization error €, can be classified into the
following three categories, according to the value of é.

(1) If 0 <8 <1, solutions with R < 1 exist only for a
finite range of o, [0,amax]. In this case, there is a
critical temperature T;,. When T > T, the entropy of
the RS solution is positive, and this solution is AT-
stable. When T' < T, for @ > a(T), the 1RSB solution
exists. In either case, at o = ayx, a first-order phase
transition from the RS solution with positive entropy or
from the 1RSB solution to the PL solution takes place.

2) Ifts= %, os(T) is defined for any temperature 7, and
the 1RSB solution exists for & > a(T). Here, €, for the
1RSB solution decays to €y, exponentially according
to

Aeg e 3Fox,
where F| is a constant.

3 Ifé§> %, for any temperature T, os(7) is defined, and
the 1RSB solution exists for & > a(T'). Here, €, for the
1RSB solution decays to €y, as a power law with a
logarithmic correction according to

145
Ina\ 251

A€y <> .
o

To check these theoretical results, we carried out numerical
calculations. In the next section, we give the results of these
calculations.
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6. Numerical Calculations with the Exhaustive Method

We carried out numerical calculations using the exhaus-
tive method for § =0 and 6 = 1. We used the minimum-
error algorithm and the Gibbs algorithm for several
temperatures. We calculated the quantities g, go, R, €, along
with their standard deviations, and the distribution of g, P(q).
For example, ¢ and its standard deviation g were calculated
using the formulas

q= Mi D de az=) q"PuPy/ ) PuPy,
§ %

a<b a<b

(64)

2
Sg= || Y gt - (qu /Ms /(Ms -1, (65
; ;

Py=e PN e P, (66)

where the index a runs over the 2V configurations of the
weight vectors, whose energies are E,, g: is the thermal
average for a given example &, and M; is the number of
samples. The calculations were performed for several values
of N up to 20 with Mg = 200.

6.1 §=1

The i-th component of an example x; is corrupted by the
Gaussian noise 1; with mean 0 and standard deviation 1.
This corresponds to the choice P(y) = 1 — 2H(y). First, we

0 2 4 6 8 10 12 14 16
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give the results for the minimum-error algorithm. In Fig. 10,
to elucidate the system size N dependence of quantities, we
display the o dependences of R(o,N) and its standard
deviation SR(a,N) for N =10, 15 and 17. From these
results, we found that the quantities r(o,N,N')=
|%§§YM| and §r(c, N,N') = | RSN | ohained
by the exhaustive method for N, N’ = 15 and 17 are at most
several percent and it seems that the results obtained for
N = 15 are sufficient to surmise the N = oo behaviour, at
least for « up to 15. In Fig. 11, we display both the
numerical results and the theoretial results for R, g, go and
A€,. The numerical results agree with the theoretical results
within the numerical standard deviations. In Fig. 12 we
display the o dependence of R for larger values of « in the
case N = 15. We see that for « 2 85, there exists only one
state. Since on theoretical grounds it is known that R tends to
1 as « goes to infinity, we can determine whether the fact
that there is just one solution is a finite size effect by
considering the value of R and determining the value of «,
Omax, at which R first exceeds 1 — % Then, if the value of
omax increases with N, we can conclude that the existence of
one solution is indeed a finite size effect. We found that this
is in fact the case.

Next, we give the results obtained using the Gibbs
algorithm. With this algorithm, we considered the cases N =
10 and 12 for several temperatures, and we included all
states in the calculation. We found that r(o, N,N’) is less
than 5% and 8r(a, N,N') is less than 10% for N, N’ = 10 and

0.26 T T T T T T T
024 |~ . .
022t % -
02 b A on

SR 018
0.16
0.14
0.12
0.1
0.08

Fig. 10. The « dependences of R and SR obtained using the minimum-error algorithm for § = 1. Dotted curve: N = 10. Dashed curve:

N = 15. Solid curve: N = 17.

(a)

q,90

Fig. 11.

The « dependences of several quantites obtained using the minimum-error algorithm for § = 1. +: numerical results for

N = 17 (where the bars indicate the standard deviations). Dashed curve: RS solution (7" = 0). Solid curve: 1RSB solution. In (b), g (for
the RS solution) is represened by the dashed curve and ¢, (for the 1RSB solution) by the solid curve.
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Fig. 12. The asymptotic behaviour of R obtained using the minimum-error algorithm for § = 1. +: numerical results for N = 15 (where
the bars indicate the standard deviations). Dashed curve: RS solution. Solid curve: 1RSB solution. (a) 0 < o < 15. (b) 15 < @ < 50.

(c) 50 < o < 100.

Fig. 13.

0.25

-0.05 L
0

The o dependences of R and A, obtained using the Gibbs algorithm for § = 1. +: numerical results (with standard deviations)

for N = 12 with T = 1. Dashed curve: RS solution with 7 = 0. Dotted curve: RS solution with 7' = 1. Solid curve: 1RSB solution.

(a) T=0.15 (c) T=5.0
1 1 T T

0.8 08 | ij’ .

06 06 F I:'f -

g,40 4,9 , 99 | e
02 7 J 0.2 0.2 ~ s }"},,}.--}»-i--r'a |
0(; ; 1‘0 15 0 00 S '5 1‘0 15

o

(07

(0

Fig. 14. The « dependences of ¢ and g, obtained using the Gibbs algorithm for § = 1. +: numerical results (with standard deviations)
for N = 12. Dashed curve: g for the RS solution with 7' = 0. Dotted curve: g for the RS solution with finite temperature. Solid curve:

qo for the 1RSB solution.

12. We display both numerical and theoretical results in
Fig. 13 for R and Ae€, and in Fig. 14 for g and go. First we
explain the theoretical prediction for the « dependences of
these quantities. (See Figs. 13 and 14.) «; is the value at
which the dotted curve for the RS solution and the solid
curve for the 1RSB solution coincides. For o < « the dotted
curve is valid and for @ > «; the solid curve is valid. As for
R and Ae,, the numerical results agree with the theoretical
results within the numerical standard deviations. As for ¢
and ¢o, as shown in Fig. 14, the numerical results almost
agree with the theoretical results within the numerical

standard deviations, but the agreement is worse than that for
other quantities. We calculate gy for each sample using
formula (64). We find that in general, gy exhibits a large
finite size effect, because it is calculated for pairs of states.
Thus, when the number of states with the minimum energy
becomes small, fluctuations of gy become very large. This is
the reason why the agreement between the numerical and the
theoretical results for gy is worse than that for other
quantities. A relevant quantity is the distribution of g, P(g).

P(g) is calculated as
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(a) T =0.15 (b) T =05 (c) T =50
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Pa) | | PO, | Pl | ~
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q q q
Fig. 15. The T dependence of P(q) found using the Gibbs algorithm for § = 1. Histogram: numerical results for N = 12 and p = 60.

Solid vertical segments: 1RSB solution. Dotted vertical segments: RS solution. For 7 =5, no 1RSB solution exists.

4,40

16 0o 2 4

8 10 12 14 16 0 2 4 6 8 10 12 14 16

Fig. 16. The o dependences of several quantites obtained using the minimum-error algorithm for § = 0. +: numerical results for
N = 17 (with bars indicating standard deviations). Dashed curve: RS (7' = 0). Solid curve: 1RSB in branch I. Dashed curve: 1RSB in
branch II. In (b), ¢ is for the RS solution and ¢ is for the IRSB solution.

P(q) = (> 8(g.4")PaPy ).
ab

where 8(g, g°?) is the Kronecker delta and (-) represents the
average over samples. P(q) is also plotted for several
temperatures, together with theoretical results, in Fig. 15.
We see that for the theoretical and numerical results the peak
values agree for 7 = 0.15 and 7 = 5.0, while they do not
agree for T =0.5. Since T = 0.5 is near to the transition
temperature 7, from the RS to the 1RSB solutions, and then
the standard deviations of numerical results become lagre,
the disagreement of the peaks for 7 = 0.5 is considered to be
the finite size effect.

6.2 §=0

The output by the teacher is reversed with probability
(1 — k)/2, where here we use k = % This corresponds to the
choice P(y) = %sgn(y). First, we give the results for the
minimum-error algorithm. We investigated the N depen-
dence of R(x,N) and §R(cx, N) with N = 10, 15, 17 and 20
obtained by the exhaustive method and found that the
quantities (e, N,N’) and 8r(a, N,N') for NN’ = 15,17 and
20 are at most 2% and 10%, respectively. In Fig. 16, the o
dependences of several quantities are displayed for N = 17,
together with theoretical results. The numerical results agree
with the theoretical results within the numerical standard
deviations up to @ < amax. However, we note that numerical
data take value for o above the theoretical upper bound,

0 10 20 30

(87

Fig. 17. The asymptotic behaviour of R obtained using the minimum-
error algorithm for § = 0. +: numerical results for N = 15 (with standard
deviations). Dashed curve: RS solution. Solid curve: 1RSB solution.

omax- This tendency is remarkable for gg. This is due to the
finite size effect mentioned above. In Fig. 17 we display the
behaviour of R for larger values of « in the case N = 15. It is
seen that for o > 22, there exists only one state. In the case
N = 10, this is the case for o > 25. To investigate whether
or not PL exists, we numerically computed o,,x using the
same method as in the case § = 1. We found that, in contrast
to the case § = 1, here o, decreases as a function of N.
With these results, we conclude that PL exists even for
arbitrarily large N. Theoretically, om.,x is found to be
approximately 9.13.

Next, we give the results for the Gibbs algorithm. In this
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Fig. 18. The a dependences of R and Ae, found using the Gibbs algorithm for § = 0 and 7 = 1.0. +: numerical results for N = 12.
Dashed curve: RS solution for 7 = 0. Dotted curve: RS solution for 7 = 1.0. Solid curve: 1RSB solution.
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Fig. 19. The « dependences of ¢ and g, obtained using the Gibbs algorithm for § = 0. +: numerical results (with standard deviations)
for N = 12. Dashed curve: RS solution for 7 = 0. Dotted curve: RS solution for finite temperature.Solid curve: IRSB solution.
(a) T =0.15 (b) T =05 (c) T =5.0
1 T T T T T 1 T T T T 1 T T T T T
08 | - 08 | . 0.8 -
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Fig. 20. The T dependence of P(q) obtained using the Gibbs algorithm for § = 0. Here, 7, >~ 0.7. Histogram: numerical results for
N =12 and p = 60. Solid line: 1RSB solution. Dotted line: RS solution. For 7 =5, no 1RSB solution exists.

algorithm, we carried out calculations for N = 10 and 12
with several temperatures. We included all states in the
calculation. We found that r(«, N,N’) is less than 5% and
Sr(a, N,N') is less than 10% for N,N' =10 and 12. In
Fig. 18, the « dependences of R and Ae, are plotted for
T = 1.0. The numerical results agree with the theoretical
results within the numerical standard deviations up to o <
amax for R and up to o < 5 for Ae,. Also, the o dependences
of ¢ and go are displayed in Fig. 19 for 7' = 0.15, 0.5 and
5.0. As shown in Fig. 19 numerical results agree with the
theoretical results within the numerical standard deviations
as long as o < apax for T = 0.15 and 0.5 and any « in the
figure for 7 = 5.0. The disagreement between numerical and

theoretical results for o around and above a,.x is due to the
finite size effect as before. Concerning ¢go, since a relevant
quantity is P(g), we calculated it at « =5 for several
temperatures. In Fig. 20, we show the numerical results for
P(g) together with the theoretical results. We see that the
positions of the peak values for 7 = 0.15 and 5.0 agree for
the theoretical and numerical results. The disagreement for
T = 0.5 is attributed to the finite size effect as before.

In conclusion, in both the cases § =1 and 0, although
there exist finite size effects, as is reflected in the behaviour
of go, as a whole, the theoretical results and numerical
results agree fairly well, in which theoretically we have
employed the RS and the 1RSB ansatz.
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7. Summary and Discussion

In this paper, we studied a model of supervised learning in
which perceptrons with Ising weights learn from stochastic
examples. Using the replica method, we obtained the
necessary and sufficient conditions for the existence of PL
and the conditions for learning curves that exhibit power law
forms in the asymptotic region as ¢ — oo. These conditions
are given in terms of §, which characterizes a certain local
property of the rules by which examples are drawn. First, let
us summarize the results in more detail.

The basic ingredients of the model are as follows. When
an input vector x is given, the probability p,(+1|x) that the
teacher returns an output +1 is a function of the inner
product between the input x and the teacher’s weight w® and
takes the form

1 + P(u°)
2 b
x| =N, |w°| =+/N.

Further, we stipulate P(y) to be a non-decreasing function
that behaves near y =0 as P(y) ~ a sgn(y)|y|5 (6 = 0). For
simplicity, we choose P(y) to be an odd function. As the
learning algorithm, we used the Gibbs algorithm.

With these basic ingredients, we obtained the following
results.

p+11x) = P) =
u® = (x - w°)/v/N,

Conditions for PL

The necessary and sufficient conditions for the existence
of perfect learning are the following.

(1) 0<§<1/2 when 0 < B < oo, where B is the inverse
temperature.

(2) Deterministic case. That is, the target relation is
deterministic obeying the perceptron rule, and the
alogorithm is the minimum-error algorithm, i.e. the
Gibbs algorithm with g — oo.

Behaviour of learning curves

With the RS and the 1RSB ansatz, we found that the
behaviour of the generalization error €, can be classified into
the following three categories, according to the value of é.

(I) For0 <6 < %, at o = amax there is a first-order phase
transition from the RS solution with positive entropy or
from the 1RSB solution to the PL solution.

(2) Foré = % and large o, the 1RSB solution appears, and
€, for this solution decays exponentially according to

A€y e 3o,
where F is a constant.
(3) For é > % and large «, the 1RSB solution appears, and
€, for this solution decays according to a power law
with a logarithmic correction:
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To check these results, we carried out several numerical
calculations, in which we solved the saddle point equations
for the RS and 1RSB solutions and directly computed the
concerned quantities using enumeration methods. The latter
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results show fairly good agreement with the former results.
As mentioned in the Introduction, Seung also investigated
the existence of PL in the situation that the weights are Ising
and the rule to be learnt is stochastic,'” employing the
annealed approximation. He classified the learning beha-
viour of Ising networks by introducing two exponents y and z
used in the following manners. The exponent y is defined as
follows. Let p(€g) be the logarithm of the number of weight
vectors whose generalization errors have a value €g. Then,
he assumed that when Ae, =€, — €y is small, p(e,)
increases as p(eg) ~ O((A€,)), where €p;p is the minimum
value of the generalization error, obtained with the unique
optimal weight vector w°. The exponent z characterizes
eq(w, w®), which is the probability that the output for the
weight vector w differs from that for the optimal weight
vector w°. He also assumed that eq(w,w°) scales as
eq(w, w°) ~ O((A€g)*). He derived upper bounds for the
generalization errors and found that the behaviour of the
learning curves depends on the values of y and z. His results
are summarized as follows.
(1) If y 4+ z > 2, there is a first-order transition.

(2) If y+ z < 2, the generalization error decays according
1
to a power law: Ae, ~ o 02,

(3) If y+ z =2, there is a second-order transition, or the
generalization error decays exponentially.

The exponents y and z in Seung’s model correspond to 1%5
and %H = % respectively, in our model. Therefore, it is
found that our results concerning typical learning behaviour
are consisitent with those of Seung’s results, which are the
upper bounds of the learning curves.

Regarding the condition for the existence of PL, we note
that for g = oo (i.e. T = 0), PL does not exist for learning
from stochastic examples. This follows from the fact that for
T = 0 and for large « there exists no student whose outputs
are the same as the teacher’s, because the teacher makes
mistakes. Thus, the measure of weight vectors whose
energies are 0 vanishes for large o. However, for T — 0,
we consider the weight vectors of the minimum energy, and
there is at least one solution of w = w® when « is sufficiently
large. Hence, PL is possible in the limit 7 — 0.

As a student learns, its weight vector tends to w°.
Examples that import a crucial influence on learning are
those for which u® = (x - w°)/+/N ~ 0. The more slowly the
probability P(u) varies around u = 0 for large &, the more
difficult it is for students to realize the optimal vector w°.
This is the reason that it becomes more difficult to realize PL
as § increases.
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Appendix A: Derivation of the Free Energy

Here, we derive the free energy using the replica method.
Introducing n replicas, the partition function Z" becomes
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n 0 00 00 dya
7" = Trn[eﬁ/ dis, +/ dAZ:| / Z—:exp[—iyZ(rZuZ — Al (A-1)
a=1 —00 0 —00
where uj, = (x"* - w*)/ /N and Tr represents the summation over all conﬁgurations of w*,a =1, --n. Defining the overlap
between the weight vector of a student and the optlmal weight vector as R* = N sz  wiw; and the overlap between the

N

weight vectors of students as g% 1 W w , and using the relations

1
=N

5 ﬁ:(x’-‘)z “N|= / - KeXp Z(x“)2
j=1 ! —ico 27
1—H/dR”/ exp|: NR“(R“—NZW;W;’H,
—ico j=1

100 Ndéub 1 N
1 = d ab _NAah ab _ a b ,
]_[/ 4 /_m o exp|: q (q N;WJWJ

a<b
we take the average over r, and x* and obtain the following expression for (Z")¢ .

Ndg® NdR*
Zn . = ab Ra NG A-2
0t / [qu 2mi ][Hd 27 } ’ (&-2)

a<b

where

== Gl<{q“b} {RD) + Go({g™} (R} — ZR&R“ > dq”, (A-3)

a<b
0 00 00 dya
% = H<eﬁ / )’ + / d,\a> /
a —00 0 —00 27

X exp[— — Z(y ) — Z gyt +i Zy“k“:| W(Z y“R“) , (A-4)

a<b

e% = Trexp |:Z R'w + Z c}“bw“wbi| (A-5)

a<b

with

= —5(6=iy)? !
vy = dEe 2=" {1 - E[P(-‘E)—P(—é)]}.

1
N2 /
Here Tr represents the summation over w’,a = 1,...n. In the above expressions, we set K, = 1/2, which is the optimal
value. When P(—y) = —P(y), W(y) becomes

W(y) = \/% / dse—%<€—f>'>22f(—g). (A-6)

The general form of the free energy per synaptic weight is given by
InZ)g 0 G
fz_&z_f_ (A7)
NB np

Appendix B: Derivation of the Limiting Forms of the Expressions for g and R as g—>landR— 1

In this appendix, we briefly derive the asymptotic relations for § and R. First, we consider the case 0 < 8 < co. Equation
(12) for g can be rewritten as

aQ (1—e Py
A: —_— A—B N B'l
i=1—, 4B (B-1)
where
220 h)?
A :/.due_Qu/z ﬁ((b;))27 (Bz)

1 1 [ 11—
:m«/ﬂfo DzP(az)/_ DtH, | k z+; 2+; , (B-3)
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. _ 1 1 _ 42
with Hy(u) = Au? ~ Hew> KT V122 e

0 < |Hy(u)| < e* — 1 for u # 0. Thus, for § > 0, P(ez) can be replaced by a(ez)’ in eq. (B-3), and we obtain

1/e 00
~ % /0 Dza(ez) [ N DIH2|: <t—|— szﬂ + O(H(1/¢)).

As g and R tend to 1, ¢ tends to 0, and thus B — 0. Also, for T > 0, A is finite in these limits. Thus, in these limits we have
A — B >~ A. Therefore, for § > 0 we obtain

de=

. It follows that H,(u) is a strictly increasing odd function and

g~ \/Og—qgl,a(x,ﬂ), (B-4)
where
1
,B) = — | dugu)?, B-
81.5(x. B) «/2_77/ ug(u) (B-5)

with Ag = 1 — ¢q. For the case § = 0, from eq. (B-3), we obtain

1] hw?
2\/_/‘ Dzk/ DtH2|:\/—~I——2—x'(t+\/§XZ>:|_k/du 0 )2[1 2H(u/ )],

where k = lim,_, ;o P(y). Then, we obtain

A—B"’/d hu )2 [1—k+2kH(u/ )],
~ ) Y Hw? X

thus,
i~ ——g10(x B B.6
qg= /—Aqgl,o X P)s ( ' )
where
1
00 = = / dupu[1 — k + 2KH(u/ ). (B-7)

Now, we derive approximate expressions for R. The eq. (13) can be rewritten as

pool=-eh, (B-8)
g 2m

D= / due=2 /2 @w(u) = / ” DxH, (vx) ooDyP(f;‘y)e_"xy(y + 1), (B-9)
H(u) —o0 0

where

v, & 0 R

Hx) — H(=x) VE+ VE+ 0V

H(x) =

For 6 > 0, D is given by

& /"o , 1 R z
D=—— [ DyP( — :
Jizeh 7 éQZW<\/1+;<2\/ﬁ\/1+Q2>

where ¢ = ‘/?i:g and Y(z) = ffooo DtH{ (vt — z). Since ¥/(z) is bounded, D can be evaluated as follows.

1/¢ 00
D ~ Dzas(cy | —— ) + o1H1 ~ 3“*1/ Dy — ).
s[/o 2a8(¢2) w(m)+ ( (/4)}} ™! [ e w(m

Therefore, we obtain

R~a j.i—qu,au,ﬂ), (B-10)
where
825(x: B) = f_ 1—e-ﬁ>f<1 x e / Dz~ W(/TZIP)' (B-11)

For § = 0, from eq. (B-9), we obtain
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D=v / DxH, (vx) |:«/L2_n +E& /0 Dye”*}’P’(Ey)}-

We assume that |[P'(y)| is bounded.'” Then the second term in the parenthesis is O(£), and it can be ignored. This yields
1

D kv /‘OO D, (v0) 2k X /"O D
~— xH (VX)) = — ———— X ———.
V21 ) o V2 14 x2 - i XX
VAR
Thus, we obtain
R>~a——=g0, (B-12)
where

k(1 — e P) 1

1 ["O
820 = Dx ————.
T T+ H( X ) (B-13)

V14 5P

Now, let us consider the case 8 = oo. In this case, @(u) becomes ¢(u) = 71((5)) . Therefore, from eq. (12) we obtain

= | Dupu/QPEw/Q) ~ ~— (A"~ B)
q—A—q/ ugp(u/Q u/Q—A—q — B),

where
A= / " (u/Q)* = L
=, Du u/Q)” = Tk
B = : / N DyP(&y)
V2102 Jo
« {2,/1 "8y 4 VIR[E + (1 - 8P [1 - 2H( 1= g@)]} (B-14)
S / " DyPoyy? (B-15)
w0 Q%o '
Thus, A’ — B' = 5 [7° Dy(1 — P(y))y*, which gives
~ ~ a .
where
8= f Dyy’[1 — P(y)]. (B-17)
0

If P(u) =1 (i.e. in the deterministic case), this is 0. We discuss this case later. Similarly, from eq. (13) for R, we obtain

A 2 o0 o0 /1 — &
R:i{i DyP(&y)y—sw—é/o DyP(y)(l—yz{l—zH( $y>:|}

£0% | V2r Jo §
o
=~ IV (B-18)

where
g4 = / DyP()(Y* — D). (B-19)
0

If P(y) is not constant for y > 0, the integral here is positive. If P(y) is constant for y > 0, which can be the case when § = 0,
the integral is 0. In the latter case, i.e. in the case that P(y) = k for y > 0, we have to consider higher order terms. From eq.
(14), w(u) is calculated as

2 o° 2
W,,,:e‘“”/ Dyk[(y + v)e ™ + (y —v)e?] = e " ——,
(1) ; VE[(y 4 ) (v —v)e”] Ner

R

N Thererore, from eq. (13), R is calculated as

where v = —
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- o
Dug(uyw(u) ~ — —

o 2
Vg — R? / 5 \/_(,D(M)E V2

R=—

o

k 1 /
— D
VAq T /14 52

H 7
NARYE
Thus, we obtain

R~

Jog—q 85(%), (B-20)

where

= J—f ( X ) | (B-21)
NEve
Finally, we consider the deterministic (P(«) = 1) case. In this case, § =0, k=1, g=R and § = R hold. Then, we obtain
lfz = and E(u/Q) = 2H(u/Q). Thus, eq. (12) becomes
2a h(u/Q)2 a 2 h(u) o

§= Du 83.0s (B-22)
1—q) " H@wQ) ~ VAqvax) T HW T VAg*
where
2 [ p, 0 (B-23)
= —— u . .
$50= "/ ) T Hw
Also, since v = —u, from eq. (12), we obtain
L2 h 2
R= 22 [ Q" _ (B-24)
l—gq H(u/Q)
Appendix C: Asymptotic Form of I for 7 > 1 and R>1
I is given by
I = thln[zcosh(\/éerR)] ~R+Q+11, (C-1)

where

L =17 +1f,
I = / DiIn[1 + e~ V4T = /2zh(z) / Dxe™ T In(1 + e 2V9%),
+7

with = R//§ and pu = %. The following relations can be demonstrated rigorously:

o _1\yr—1 s
=% %ezqn—ﬂR"H[t<£ + 1>} (C-2)

n=1

Fo? 0 < w<l, H(r(ﬁ — 1)) and H (r(ﬁ + 1)) in (C-2) can be approximated by h(:((,f__ll))) and hiz,(—,/i;) respectively. Therefore,
I, is given approximately as

00 (_1)}1—1 1 1 2/”“

EDS h(z) + = =~ h(D)e(p),
— n n n T
f——1 | —+1
0 w
where c(u) =Y o0 (‘L)ZH 1_(;/n>2' When p is not an integer, we have
b4 1
c(n) =

2usin(um)  2u?
Thus, we obtain

R+Q[1+2u =R+ TR o< <,
™
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where

() =1+ 2u%c(p) =

T. UEzU

T
sin(mruw)

Noting that ¢(0) = 7%/12 and ¥/(0) = 1 we find that I behaves near y = 0 as

h(7)

+—(forpL~0)

For v > 1, I can be expressed as

no 1]1
I ~ St

where nyg =
(C-3). Let us assume 1 < ny; < ny < ny. Then we have

eZQn%—ZRn]/gZQrL%—Zan _ e4Q(n2—n|)(;L—(n2—n|)/2) -

Thus, we obtain

52 9P P Y
eanl 2Rn; > e2qn2 2Rn, for

Note that § >> 1 is satisfied when R >> 1 as long as u = 2 is
bounded from above. Further, -7/2 /ez‘?”2 o =

- 2
e 2=’

since e

each term in the first summation in the eq.
(C-3) is of lower order than A(t)/t for t > 1. Thus, IfL and
the second summation in /; are of higher order than the
terms in the first summation in /; . Therefore, for 1 < pu < 2,
we find

s~ 2h 2h
I7 e 280 4 k(e c(w), If~ ko (),
T T
where
n—1
o (=1 1
()= 2 4= Z n o n
—*1
7
Thus,
s . 2h
T

where c(it) = ¢ () + ¢ (). Therefore,

. s . h
I:R+e’2<R’q)+M for 1<u<?2.
T
For u = 1, we obtain
5 2h
I ey g 2O

where ¢,(u) is defined as

W=t VT L ey = ey —
C =— —1C =C n——
W=5,2. " W =) = 37—

n

Thus,
I~ Ié—i—e_z(ﬁ_‘?)/Z for p=1.

Here, we have used the facts that ¢;(u) is analytic at u© = 1
and that ¢;(1) =0
For . > 2, we obtain

-1
— ezqnzzﬁn{l _ H[—r(
n=1 n

[1] (i.e., ng is the largest integer that does not exceed the value of w). Let us compare the terms in the eq.

00 n—1
e s
M fn=n0+1 n ﬁ_

’ C’3
2

e“‘?("z—nl ng—ny)

g>1

I[ = e 2®D

| P 2
! wmqm[f(_ - 1)]
2 u

—2(R—§)

Therefore we have

1 5o
L ~I] ~e — ~bye MR

where

b,=1 for uw>2, by=1/2.

Thus,
I~ Ry e 20 _

1 5 o
fbﬂe"‘(R’z‘” for wu>2.

In summary, up to second order in /, we obtain

E+W (for 0 < pu < 1),
I~ T (C-4)

Ié—i—aue_z(é_@ (for 1 < p),
where
2 T
Y = 1+ 2p%c(p) = - (C-5)
sin(ru)
and g =1/2 and a, =1 for pu > 1.
Appendix D: Demonstration that Spp, =0 and

SrL = a€min.
As seen from eq. (28), when ¢ — 1 and R — 1 for 0 <
B < oo and for any & and any x, Sgs can be expressed as

4A
Sps = — q_2‘1 — (1= ARR + a/Agr(x. B) +1.

We consider the case in which0 < 8 <oocand 0 <§ < 1/2.
For PL, R=¢g=1,x=1 and &€ = Q = \/Aq. Therefore,
here we have

D-1

o
j—= —— 1, B), D-2
q mgl,é( B (D-2)
R =a(Ag)* g 5(1, p). (D-3)

For 0 < B < oo and § > 0, g 5(1, B) and g, 5(1, B) are finite.
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Hence, with u = 2A = g” (Aq)‘s/2 we find for § > 0, u ~ 0

and for § =0, u = g“’ Wthh is finite. Next, we determine

an approximate expressmn for 1. In the case § > 0, since
= 0, we obtain from (C-4)

h(z)

. 2R
I~R+—=R+
T

Thus, we find

1 s 2R
S=- 5 8150V Ag+ g sa(Ag) 2 + ?h(f) +oaryAg.

From egs. (D-2) and (D-3), we obtain
¢ 'R=(ag15) 'agas = C.
From this we find

1 481
= C 1-2571-25,

RA -

Then, since Ag = 0,7 =00 and g;, 825, r and C are finite,
we obtain S = 0. For the case § = 0, we have to determine
the value of . As discussed in §3, when  is finite, u = Tlxz
[as seen from eq. (30)]. In the case considered presently,
x = 1, and therefore u = 1/2. Thus, we obtain

T. UEzU 1903

. h
IzR—}—jT (t).

T

For § = 0, using an argument similar to that used above for
6 > 0, we can again obtain S = 0. Now, let us determine
(e;) = —ae™PJ. J is given by

H(u/Q) — 1/
—— | Dy[1 =P V1—¢
A(u/0) Al Gy + §u)]
[1 = P(w)]

_ / pu 1WA —1
H(u/Q)

o0
= —eﬂ/ Du[l — P(u)] = —ePen.
0

J= | Du

Thus, (e;) = —ae PJ = aep,. Finally, we obtain fp, =
(et> - TSPL = (€min-

Appendix E: Asymptotic Forms of fgs and Sgg for
B<L1L(T> 1.

In this appendix, we derive the asymptotic forms of the
free energy and the entropy for the RS solution in the case
B < 1. The free energy frs is expressed as

JRA q 5
K= /Dy2ﬂ’(y)/Dulnﬁ(Y), 1= /Dtln[2cosh(\/§l+1§)],
where ¥ = Y4B R By defining K, and K, as
A 1—q o R
Y
KaE/D 2P(y) DuH(—Y):emin+2/ DyP )H<4) = €,
YRR et Winey=) A
K, = f Dy2P(y) / DuH(Y)H(—=Y) = Q / DuHuw)H(—u),
K and frs can be expressed as
p
K= —ﬂ(Ka — 5K ) + 08,
q 5 B 3
—Pfrs = —5(1 —q)—RR+1—apf| K, _EKb +O(B)
- 2
. o

~ —%(1 —q)—RR—}-I—aﬁeg—i-%Kb.
The entropy Sgrs is expressed as

Srs = —%(1 @) —RR+ 1+ aK — ae ", (E-2)

HY)—-1
H(Y)

Then, defining L as L = K — Be~#J, we have

2

L=— %Kb + O(B).

Thus, we obtain

ﬂZ

Sks = —%’Aq RR+1 =Ky + 0.

For Ag « 1 and AR < 1, the following relations hold:
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Ko = €5 = €min + ﬁ%(mm#, Ky ~ ;/——5;.
Therefore, K, frs and Sgs can be expressed as
K= —ﬁ[emm+(l+§ﬁ(mm# —i‘r/g], (E-3)
—Bfrs = — g (1—q)—RR+1- Olﬂ[fmin + aﬁsﬁ QAR — %] (E-4)
SRsz—gAq—I?R+I—aﬂ2;7/T§%. (E-5)
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